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Introduction
Let Ω ⊂ R 3 be an open bounded set with regular boundary Γ, and consider the following system of globally modified Navier-Stokes equations (GMNSE) on Ω with a homogeneous Dirichlet boundary condition 
where ν > 0 is the kinematic viscosity, u is the velocity field of the fluid, p the pressure, u 0 the initial velocity field, f (t) a given external force field, and F N : R + → R + is defined by F N (r) := mín 1, N r , r ∈ R + , for some N ∈ R + .
The GMNSE (1) has been introduced and studied in [1] (see also [2] , [6] , [7] and [10] ). In this paper we are interested in the case in which terms containing finite delays appear. We consider the following version of GMNSE (we will refer to it as GMNSED):
where the term G(t, u(t − ρ(t))) is an external force depending eventually on the value u(t − ρ(t)), ρ(t) ≥ 0 is a delay function and φ is a given velocity field defined in (−h, 0), with h > 0 a fixed time such that ρ(t) ≤ h.
In the next section we state some preliminaries and establish the framework for our problem. Section 3 is devoted to the existence and uniqueness of weak and strong solutions of our problem. In Section 4 we analyze the asymptotic behaviour of solutions, which is completed in the final section by obtaining the existence of pullback attractor for our model (for the proof of the results, see [3] ).
Preliminaries
To set our problem in the abstract framework, we consider the following usual abstract spaces (see [11] and [13, 14] ): 3 with inner product (·, ·) and associate norm |·| , where 3 with scalar product ((·, ·)) and associate norm · , where for u, v ∈ (H 1 0 (Ω)) 3 ,
where the injections are dense and compact. Finally, we will use · * for the norm in V and ·, · for the duality pairing between V and V .
Now we define the trilinear form
and we denote
and
The form b N is linear in u and w, but it is nonlinear in v.
We also consider A :
for all t ∈ R, and c3) there exists a nonnegative function f ∈ L 1 loc (R), such that for any u ∈ H,
Finally, we suppose φ ∈ L 2p (−h, 0; H) and u 0 ∈ H, where
In this situation, we consider a delay function ρ ∈ C 1 (R) such that 0 ≤ ρ(t) ≤ h for all t ∈ R, and there exists a constant ρ * satisfying 
Remark 2 We suppose u is a weak solution of (2) and we defineg(t)
, and consequently (see [14] ) u ∈ C([τ, +∞); H) and satisfies the energy equality, for all τ ≤ s ≤ t,
3. Existence and uniqueness of weak and strong solutions
Although the existence of weak solutions remains as an unresolved task for general initial values u 0 ∈ H and φ ∈ L 2p (−h, 0; H), we are able to prove the existence (and also the uniqueness) of weak and/or strong solutions in some interesting cases. We formulate these results in the following theorem. 
the weak solution u of (2) (if exists) is a strong solution, in the sense that
u ∈ C([τ + ε, T ]; V ) ∩ L 2 (τ + ε, T ; D(A)), for all T − τ > ε > 0. (d) If u 0 ∈ V but f and g belong to L ∞ (τ, τ + δ) for some δ > 0, and φ ∈ L ∞ (−h, 0; H), then
there exists a weak (and henceforth a strong) solution of (2).
For the proof of existence, we use the Galerkin method (see [3] ).
Asymptotic behaviour of solutions
In this section we establish a result about the asymptotic behavior of the solutions of problem (2) when t goes to +∞. 
Theorem 4 Let us suppose that c1)-c3) hold with g ∈ L ∞ (R), and assume also that
ν 2 λ 2 1 (1 − ρ * ) > |g| ∞ , where |g| ∞ := g L ∞ (R) .
Let us denote ε > 0 the unique root of
ε − νλ 1 + |g| ∞ e εh νλ 1 (1 − ρ * ) = 0. Then, for any (u 0 , φ) ∈ V × L 2 (−h,
Pullback attractors

Preliminaries on pullback attractors
We first recall some results on the theory of pullback attractors as developed in [5] , [8] and [9] .
is said to be a process (or a two-parameter semigroup, or an evolution semigroup) in X if
U (t, r)U (r, τ ) = U (t, τ ) for all t ≥ r ≥ τ, U (τ, τ ) = Id for all τ ∈ R.
The process U (·, ·) is said to be continuous if the mapping
x → U (t, τ )x is continuous on X for all t, τ ∈ R, t ≥ τ .
Recall that dist(A, B) denotes the Hausdorff semidistance between the sets A and B, which is given by
dist(A, B) = sup a∈A inf b∈B d(a, b), for A, B ⊂ X.
Definition 6 Let U (·, ·) be a process in the metric space X. A family of compact sets {A(t)} t∈R is said to be a (global) pullback attractor for U (·, ·) if, for every t ∈ R, if follows (i) U (t, τ )A(τ ) = A(t) for all τ ≤ t (invariance), and
(ii) lím
The concept of pullback attractor is related to that of pullback absorbing set.
Definition 7 The family of subsets {B(t)} t∈R of X is said to be pullback absorbing with respect to the process U (·, ·) if, for every t ∈ R and all bounded subset
In fact, as happens in the autonomous case, the existence of compact pullback attracting sets is enough to ensure the existence of pullback attractors. The following result can be found in [5] and [12] (see also [4] ).
Theorem 8 Let U (·, ·) be a continuous process on the metric space X. If there exists a family of compact pullback attracting sets {B(t)} t∈R , then there exists a pullback attractor {A(t)} t∈R , with A(t) ⊂ B(t) for all t ∈ R, given by
where
Existence of the pullback attractor for the GMNSED model
We can now apply the theory of pullback attractors to analyse the asymptotic behaviour of our model (2) under appropriate assumptions.
Construction of the associated process
We consider that G : R × H → H satisfies c1), c2) and c3) with g ∈ L ∞ (R). Thus, without loss of generality we can assume that G satisfies c2) with g ≡ 1, and there exists a nonnegative constant a such that
We will assume moreover that
Under these assumptions, for each initial time τ ∈ R, and any φ ∈ C(−h, 0; H), Theorem 3 ensures that if we take u 0 = φ(0), problem (2) 
Now, we proceed to construct the evolution process which can help us in the analysis of the long-time behaviour of our model. We define a process in the phase space
for any φ ∈ C H , and any τ ≤ t, where u t (·; τ, φ) ∈ C H is defined by
Proposition 9 Assume that G satisfies c1), c2) with g = 1, (4) and (5) . Then, the family of mappings U (τ, t), τ ≤ t, defined by (6) and (7) is a continuous process on C H .
Existence of absorbing families of sets in C H and C V
Now, we will obtain that, under suitable assumptions, there exists a family of bounded pullback absorbing sets in C H and then, another one in C V , for the process U (t, τ ).
Theorem 10
Assume that G satisfies c1), c2) with g = 1, (4), (5) , and
Let us suppose that
and define
Then, for every bounded subset D ⊂ C H there exists a T D > 1 + h such that for any t ∈ R and all φ ∈ D one has
As a direct consequence of the preceding result, we get the existence of the family of bounded absorbing sets in C H . In fact, we have the following result of existence of an absorbing family of bounded sets in C V = C([−h, 0]; V ) and a necessary bound on the term 
where T D is given in Theorem 10.
Existence of the pullback attractor
Now, under an additional assumption, we can ensure the existence of the pullback attractor. Then there exists a pullback attractor {A C H (t)} t∈R for the process U (·, ·) in C H defined by (6) and (7). Moreover, A C H (t) is a bounded subset of C V for any t ∈ R.
